Analytical expressions for the exchange interaction between J-multiplets of interacting metallic centers are derived on the basis of a complete electronic model. A common belief that this interaction can be approximated by an isotropic form ∝ J1 · J2 (or ∝ J1 · S2 in the case of interaction with an isotropic spin) is found to be ungrounded. It is also shown that the often used "1/U approximation" for the description of the kinetic contribution of the exchange interaction is not valid in the case of J-multiplets. The developed theory can be used for microscopic description of exchange interaction in materials containing lanthanides, actinides and some transition metal ions. Strong magnetic anisotropy induced by spin-orbit coupling on the metal sites is a key ingredient for a number of intriguing properties of magnetic materials, such as single-molecule magnet behavior [1, 2] , magnetic multipole ordering [3] , and various exotic electronic phases [4, 5] . If the spin-orbit coupling exceeds the crystal-field splitting of the ground term LS on the metal site, the latter acquires unquenched orbital momentumL and the low-lying spectrum is well described as crystal-field split eigenstates of the total angular momentumĴ =L +Ŝ, whereŜ is the spin of the metallic term. This situation takes place in lanthanides, actinides and some transition metal ions in a cubic symmetry environment [6, 7] . The exchange interaction between such split-J crystal-field levels (or groups of levels) is significanly more complicated than the exchange interaction between pure spin terms (L = 0) described by the Heisenberg Hamiltonian JŜ 1 ·Ŝ 2 [8, 9] . It was however conjectured long time ago that the exchange interaction between fully degenerate J-shells, involving (2J 1 + 1) and (2J 2 + 1) angular momentum eigenstates on the first and the second magnetic centers, respectively, is described by a similar isotropic exchange Hamiltonian written in terms ofĴ i momenta:
Strong magnetic anisotropy induced by spin-orbit coupling on the metal sites is a key ingredient for a number of intriguing properties of magnetic materials, such as single-molecule magnet behavior [1, 2] , magnetic multipole ordering [3] , and various exotic electronic phases [4, 5] . If the spin-orbit coupling exceeds the crystal-field splitting of the ground term LS on the metal site, the latter acquires unquenched orbital momentumL and the low-lying spectrum is well described as crystal-field split eigenstates of the total angular momentumĴ =L +Ŝ, whereŜ is the spin of the metallic term. This situation takes place in lanthanides, actinides and some transition metal ions in a cubic symmetry environment [6, 7] . The exchange interaction between such split-J crystal-field levels (or groups of levels) is significanly more complicated than the exchange interaction between pure spin terms (L = 0) described by the Heisenberg Hamiltonian JŜ 1 ·Ŝ 2 [8, 9] . It was however conjectured long time ago that the exchange interaction between fully degenerate J-shells, involving (2J 1 + 1) and (2J 2 + 1) angular momentum eigenstates on the first and the second magnetic centers, respectively, is described by a similar isotropic exchange Hamiltonian written in terms ofĴ i momenta:
Contrary to Heisenberg Hamiltonian for isotropic spins, there is no a priori justification for the Hamiltonian (1). Nevertheless, this form is often used for the description of interaction between lanthanides or actinides (or a similar form, ∝Ĵ 1 ·Ŝ 2 , in the case of their interaction with an isotropic spin), especially, in the last years [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . On the basis of simplified analysis based on so-called 1/U approximation [8] it has been pointed out that the J-J exchange Hamiltonian is not of the simple bilinear form [3] . It is not clear, however, how important are "nonHeisenberg" terms in the actual J-J coupling, nor is the 1/U approximation a priori justified for metal ions with unquenched orbital momenta. Both these questions can only be answered after a decent derivation of exchange interaction between J multiplets on the basis of a reliable microscopic model. Besides, a microscopic description of J-J (J-S) exchange interaction is desirable due to a very large number of phenomenological parameters, in contrast to weakly-anisotropic spin systems containing only a few of them [24, 25] . Given that many microscopic electronic parameters describing individual magnetic centers and their interaction can be accurately derived via density functional theory [26] or ab initio calculations [27] , a microscopically derived Hamiltonian for J multiplets can become a powerful tool for the investigation of exchange interaction in materials containing lanthanides, actinides and transition metal ions with unquenched orbital momentum. To this end the electronic Hamiltonians only need to be downfolded on the reduced manifold of lowlying states at the corresponding metal ions.
In this work, we derive analytically the exchange Hamiltonians for interacting J-multiplets and for interacting J-multiplet and isotropic spin, starting from a complete electronic model. The obtained exchange parameters are expressed via electronic matrix elements which can be derived from electronic structure calculations. Comparison with the predictions given by the Hamiltonian (1) and the simplified treatment on the basis of 1/U approximation shows that both of them are not suitable approaches to describe the exchange interaction of ions with unquenched orbital momentum.
Microscopic description of intersite interaction.-The electronic HamiltonianĤ for a localized system can be divided into the the intrasite contributionsĤ i 0 (i = 1, 2), the intersite bielectronicĤ bi and electron transferĤ t parts.Ĥ i 0 contains all intrasite interactions including relativistic effects.Ĥ bi consists of intersite Coulomb interactionĤ Coul and direct exchange (multipole) part H DE .Ĥ can be divided into zeroth order Hamiltonian H 0 = 2 i=1Ĥ i 0 +Ĥ Coul and the termsĤ DE andĤ t . For localized magnetic electrons, the latter terms can be treated in the first and the second order of perturbation theory, respectively [28] . This is done here via a unitary transformation removingĤ t from the initial Hamiltonian. Neglecting the terms higher than second order after the transfer parameters, we obtain the effective Hamiltonian acting on the ground J-multiplets,
The last termH consists of direct exchangeĤ DE and the kineticĤ KE parts:
where m and σ are the projections of orbital (l i ) and spin angular momenta, respectively,ĉ † imσ (ĉ imσ ) is the electron creation (annihilation) operator in the orbital shell l i of site i (= 1, 2), V mm n n is the intersite bielectronic integral of exchange type and t ij mn is the intersite electron transfer parameter. iµJ indicates the intermediate state with total angular momentum J andP N ±1 iµJ is the projection operator into the µJ states with N ± 1 electrons at site i, U ij is the minimum promotion energy for the electron transfer from site i to site j, and ∆E N ±1 iµJ is the excitation energy from the ground multiplet into µJ one on the site i. In this derivation, the effects of the crystal-field splitting and the j-j mixing in the intermediate states µJ are neglected because they are weaker than the multiplet splitting. Thus, each Jmultiplet arises from one LS-term, µ = (α, L, S):
where C jm j1m1j2m2 is Clebsch-Gordan coefficient. This is a good approximation, in particular, for the ground Jmultiplet.
Exchange Hamiltonian in J-representation. 
Here, O q k (Ĵ 1 ) and O q k (Ĵ 2 ) are Stevens operators whose ranks k and k have to obey the relation k + k =even due to the invariance of the Hamiltonian with respect to time inversion [31] . The exchange coupling constant J kqk q is a sum of the direct exchange J DE kqk q and the kinetic J KE kqk q contributions [32] . The direct exchange parameter is obtained as
where
Here, L i , S i , J i are the orbital, spin, and total angular momenta for the ground state of site i, and {Â ⊗B} aα bβ is the irreducible double tensor of rank (a, b) [30] constructed from the direct product of double tensorsÂ and B, where the super-and subscripts are orbital and spin indices, respectively (the range of variation of all indices is specified in [29] ). The kinetic exchange parameter is expressed as
where {t × t} f xx kqk q = (−1)
and G i µJf xk is obtained by replacing the reduced matrix element in Eq. (11) 
The range of variation of indices of these tensors, as well as in the subscripts of F and G is specified in [29] . In the above equations, L, S, J refer to the intermediate states. The quantum numbers of the multiplets contributing to J KE obey the relations:
The domains of variation of k and q characterize the structure of the Hamiltonian (5). The upper bound for the rank k and k in Eq. (5) is only determined by the electronic state of the site 1 and 2, respectively:
Thus the maximum rank for f -electron system, f N , is 7 for N = 2-4 and 7-13, k max = 5 for N = 1,5 and k max = 0 for N = 6.
On the other hand, the range of q for each allowed rank k is determined by the nonzero parameters describing the intersite interactions, V mm n n and t 12 mm t 21 n n . If ∆ max is the maximal difference of the indices corresponding to one site in the above parameters (m − n for site 1 and m − n for the site 2) then the upper bound for q (q ) is
Note that terms with −q max will also be present in the Hamiltonian (5) due to the time reversal symmetry, implying the following range: −q max ≤ q ≤ q max . The effective Hamiltonian (5) is further divided into the exchangeĤ ex and the zero-field splitting parts. The latter is defined as comprising terms of (5) with either k = 0 or k = 0.
Exchange interaction between J-multiplet and isotropic spin.-When the orbital angular momentum is zero in ground state term of on of the sites, the low-energy states are characterized by the corresponding spin,Ŝ. This situation is encountered in mixed lanthanide-transition metal and lanthanide-radical complexes [1, 25, 34] . The exchange Hamiltonian between a J-multiplet and an isotropic spin is obtained in a similar way as Eq. (5):
The expressions for exchange coupling constants are similar to Eqs. (6), (9) and are listed in [29] . Because of the lack of orbital degrees of freedom on site 2 (l 2 = 0), the rank k of the spin operator does not exceed 1. Due to the time-reversal symmetry, k is even and odd for the first and the second terms in Eq. (14), respectively. As in the previous case, the former (k = 0) is zero-field splitting term and the latter (k = 1) is the exchange interaction. Kinetic exchange through monoatomic bridge.-As a simple example, consider an exchange-coupled Dy 3+ dimer with axial bridging geometry (Fig. 1a) . The largest transfer parameter (t) is expected between f 5z 3 −3r 2 z (m = 0) orbitals because of their sigma bonding to the p z orbital of the bridging ligand atom (Fig.  1b) . Then, according to the rule (13), q max = 1, while Eq. (10) gives q = −q . The resulting form ofĤ ex , after expanding the Stevens operators in (5), iŝ
where k + k =even. We can see that, even in this simplest case,Ĥ ex does not reduce to the isotropic form (1) because Ising (∝K (1) ) and mixed Ising-Heisenberg (∝K (2) ) terms, both involving high powers of momentum projection operators of two sites. As a result the ex- change spectra calculated with the full Hamiltonian (15) and with its Heisenberg-type part (1) show strong discrepancy ( Fig. 1(c) ). Moreover, the eigenstates of (15) and (1) also differ significantly [29] .
Kinetic exchange through biatomic bridge.-Consider the exchange interaction in the Dy 3+ dimer bridged by the N n− 2 (n = 2, 3) anion ( Fig. 2(a) ) [35] . In the case of n = 2, 4f electrons of Dy 3+ ions would transfer between the metal sites via the highest occupied molecular orbital (HOMO) of N 2− 2 (Figs. 2(b),(c)). The HOMO overlaps with the f (5z 2 −r 2 )x (|m| = 1) and the f x 3 −3xy 2 (|m| = 3) metal orbitals, the former interaction being dominant. Hence, we only consider the electron transfer between the orbitals with |m| = 1 ( Fig. 2(b) ). For them ∆ max = 2 and we obtain according to Eq. (13) q max = 3. ThenĤ ex will include powers ofĴ i± (=Ĵ ix ± iĴ iy ) for each center up to third order. Figure 2 (e) shows the calculated exchange spectrum for fullĤ ex , and its first-rank contribution, and for one single promotion energyŪ (1/U approximation) [3, 8] . Although the first-rank contribution is bilinear inĴ i α , the corresponding spectrum does not resemble the pattern of levels of Heisenberg-type Hamiltonian (1) . Also the spectrum is quite different when the 1/U approximation is applied. This approximation neglects the splitting of the LS-terms which exceeds several times the minimal electron promotion energy. As a result the relative contributions to the exchange interaction from various intermediate states is significantly modified (Fig. S1 [29] ).
In the case of N 3− 2 bridge, the main exchange coupling arises between the f xyz orbital of Dy and the unpaired electron occupying the lowest unoccupied molecular orbital (LUMO) of N 2− 2 ( Fig. 2(d) ). The LUMO orbital in N 3− 2 has significantly higher energy compared to the orbital energy of 4f electrons in Dy 3+ . On this reason and also due to a larger space distribution of the LUMO com-pared to the 4f orbitals, the minimal electron promotion energy from N 3− 2 to Dy 3+ (U 21 ) is expected to be much smaller than in the opposite direction (U 12 ). Hence, we neglect the latter process. Given that the Dy orbitals involved in the electron transfer have |m| = 2, according to Eq. (13) q max = 5 for large k, the same for the maximal power ofĴ 1± in the exchange Hamiltonian. Figure 2(f) shows the exchange levels obtained for exactĤ ex , its firstrank part, and for the 1/U approximation. In the present case, the first-rank part ofĤ ex coincides with Eq. (1), while the corresponding spectrum strongly differs from the fullĤ ex indicating the importance of higher order terms. As in the previous example, the 1/U approximation modifies the relative contributions to the exchange interaction from intermediate states [29] and induces, in particular, the change of the ground state (marked with arrow in Fig. 2(f) ).
Conclusion.-We derived the Hamiltonian of exchange interaction between J-multiplets and between J-multiplet and isotropic spin on the basis of a complete electronic model. The exchange parameters are expressed via microscopic quantities which can be extracted from first principle calculations. Despite their microscopic character, the obtained expressions (6) (7) (8) (9) (10) (11) are general (i) for arbitrary choice of quantization axes on two magnetic sites (which are not expected to coincide) and (ii) for various magnetic ions, which can be lanthanides, actinides, transition metal ions under special conditions or any their combinations. The only requirement is that the low-lying states on the sites are well approximated by crystal-field split eigenstates of a total momentum. On the basis of several examples we found that the exchange spectrum in systems with J-J and J-S interaction cannot be adequately described neither by isotropic exchange Hamiltonian (1) nor within 1/U approximation. Given these reasons, the microscopic exchange Hamiltonians derived in this work can become a powerful tool for the investigation of strongly anisotropic materials containing metal ions with unquenched orbital momentum.
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where m, n indicate the projection of the orbital angular momentum l i , σ is the projection of the electron spin momentum,ĉ † imσ (ĉ imσ ) is the electron creation (annihilation) operator in spin-orbital (m, σ) of site i(= 1, 2), n imσ =ĉ † imσĉ imσ , U is the intersite electron repulsion, V mm n n is the intersite exchange integral,
and v(r 1 − r 2 ) is the two body interaction.Ĥ bi does not change the number of the electrons on each sites.
In the case of the lanthanide system, the magnetic orbital is localized in comparison with actinide and transition metal compounds. The strengths of the bielectronic (≈ 5-7 eV) and the spin-orbit splitting (≈ 1 eV) are at least several times larger than the crystal field splitting (≈ 0.1 eV) and electron transfer (≈ 0.1 eV).
[S3-S5] Thus,Ĥ t is treated as the perturbation to the unperturbed Hamiltonian,Ĥ 0 +Ĥ DE = 2 i=1Ĥ i 0 +Ĥ bi . In the unperturbed Hamiltonian, there is no term which vary the numbers of the electrons, the electronic states is written as
where r indicates the eigenstate of the system, C N1N2 pq;r is a coefficient.
The effective HamiltonianĤ eff for the low-energy states is derived performing the unitary transformation of the model Hamiltonian,Ĥ eff = e −ŜĤ eŜ. In the derivation of the effective Hamiltonian, we consider the truncated vector space M of the electron configurations which includes up to one electron transfer (N i ± 1) with respect to the numbers of the electrons in the ground electron configurations.
For simplicity, the space is written as
where i → j (i, j = 1, 2) indicates the electron transfer with respect to the ground configuration, and the numbers of electrons in the ground configuration are omit. The eigenstates |r , |i → j, s in M belong to the eigenenergies E 0 r and E i→j s of the unperturbed Hamiltonian, respectively.
The exponent of the unitary operator eŜ is given aŝ 
Here, the terms up to second order afterĤ t is left and the higher terms are neglected. The second and the third terms correspond toH in the main text,
Note that the terms such asP i→j sĤtP 0 rĤt are neglected because they are zero in M 0 .
Neglecting the effects of the crystal field splitting and direct exchange in the denominator ofĤ KE , the eigenstates r, s reduce to the sets of the J-multiplet states:
where, J i is the total angular momentum with the ground electron configuration, and J, J and µ, ν are the total angular momenta and the other quantum numbers for intermediate states, respectively. The kinetic exchange Hamiltonian becomeŝ
In the space of the ground J-multiplets,
Here,P 0 Ji,Jj is omitted because it is the unit operator in M J .
Substituting the explicit form of the transfer Hamiltonian,Ĥ
into Eq. (S14), we obtain
where t ij mn is the transfer parameter, U ij is the smallest promotion energy for the electron transfer from site i to site j, ∆E (S17)
INTERACTION HAMILTONIAN IN J-REPRESENTATION
The exchange Hamiltonian is transformed into tensor form. This is done using the reduction of the reducible operators, the method of equivalent operator (see for example Ref. S3) , and the form of J-multiplet state (Eq. (4) in the main text).
The creation and annihilation operators,ĉ † imσ and c imσ (= (−1) li+m+1/2+σĉ i−m−σ ), transform as irreducible double tensor of SO(3) ⊗ SU (2) group. [S6, S7] In the effective HamiltonianH, these operators appear as a form of the products. For example,ĉ imσĉinσ in H DE . Since such products are not irreducible, they are reduced.
The irreducible double tensorsÂ cγ e are transformed into the tensor form within the space of the ground Jmultiplet, {|JM }, using the method of the equivalent operator and the form of the J-multiplet (Eq. (4) in the main text):
Here, the superscript and the subscript ofÂ cγ e express the rank (c, e) and the components (γ, ) of the orbital and the spin parts, respectively,Ĵ is the total angular momentum, L i , S i , J i are the magnitude of the orbital, the spin, and the total angular momenta of the ground J-multiplet, respectively, O q k is the irreducible tensor operator of rank k and argument q (Stevens operator), 
(S19)
Direct exchange Hamiltonian
The direct product of the double tensorsĉ † imσĉ imσ appearing inĤ DE (2) is reduced as follows:
where the curly bracket indicates the irreducible operator of ranks (a, b) and components (α, β) constructed from the product of the creation and the annihilation operators. Using Eq. (S18) and formula 8.7.4. (26) in Ref.
S7,
The ranges of the ranks a, b in Eqs.
In the ground LS term of the magnetic ion, L i ≥ l i and S i ≥ 1/2 except for the case of the half-filling (L i = 0 and J i = S i ). Thus, the ranks a, b, k hold
The arguments α, β satisfy −a ≤ α ≤ a and −b ≤ β ≤ b, respectively. Using the conservation of the components of the Clebsch-Gordan coefficients in Eqs. (S20), (S21),
where m max is the maximum orbital component which contributes to the direct exchange. Substituting Eqs. (S20), (S21) into the second term of Eq. (2), we obtain the direct exchange part of Eq. (5) 
where double tensorP N iµaαa α is defined bŷ
and the range of the rank a in Eq. (S24) is
and −a ≤ α ≤ a. In the derivation of Eq. (S24), the definition of the 6j symbol (Eq. 9.
The operator in Eq. (S27),ĉ † imσP Ni−1 iµaαa−αc i−n−σ , is reduced as follows:
Here, the ranges of the ranks b, c, d, e, f are
and their arguments satisfy
Note that f is at the largest 1. In the last transformation, we used the symmetry property of the Clebsch-Gordan coefficient and formula 8. 
Similarly, the other part in Eq. (S16) becomeŝ
The operators in Eqs. (S30) and (S31) are written in terms of the total angular momentum using the method of equivalent operator. Applying Eq. (S18) to the operator parts {ĉ † 
The ranges of x and its component ξ are
and −x ≤ ξ ≤ x, respectively.
Using Eqs. (S26), (S29), (S34), the constraint k ≤ min[2J i , c + e] in Eqs. (S32) and (S33), the maximal range of k becomes
Here, max[c + e] = 2a + 2l i + 1 and 0 ≤ f ≤ 1 is used. From Eqs. (S32) and (S33), we also obtain the relation of c, e, k:
In the case of q, the range is also restricted by the transfer parameter. Considering the conservation law for the arguments of Clebsch-Gordan coefficients, q = φ + m + n, and |φ| ≤ 1,
where m max (≥ 0) is the maximum projection of the magnetic orbital that contributes to the electron transfer. In Eqs. (S32), (S33), the nonzero terms satisfy simultaneously Eqs. (S26), (S29), (S34), (S35), (S36). Substituting Eqs. (S32) and (S33) intoĤ KE (S16), we obtain Eq. (7).
Decomposition ofH
Now we know the form of the general exchange Hamiltonian (5) and the domain of rank k, it is possible to calculate J kqk q by using the orthogonality of the Stevens operator,
where the trace (Tr) is taken over the ground Jmultiplets, andQ
The kinetic exchange parameters obtained by Eq. (7) in the main text and those by the projection, (S38), are compared with each other for some examples.
EXCHANGE HAMILTONIANS FOR J-MULTIPLET INTERACTING WITH ISOTROPIC SPIN
The exchange Hamiltonian between J-multiplet and isotropic spin is obtained replacing orbital angular momentum of the spin site (i = 2) with zero. When the spin state consists of a few nondegenerate molecular orbitals, the orbital indices r are introduced.
Direct exchange Hamiltonian
The direct exchange interaction becomes
Kinetic exchange Hamiltonian
The kinetic exchange coupling constant is obtained as 
where {t × t} is expressed as
µSrr k is written as
REDUCED MATRIX ELEMENTS OF THE CREATION OPERATORS
In order to calculate the exchange interaction parameters, the reduced matrix elements must be evaluated. For the kinetic exchange interactions,
and
SiM S e = 0. Now, we need the reduced matrix element of the creation operators,ĉ † imσ , which are calculated as [S6] (−1)
where (Table S1 ).
EXCITATION ENERGIES OF DY
2+ AND DY
4+
The excitation energies ∆E µJ appearing in the denominator of the kinetic exchange Hamiltonian are calculated ab initio. Since the effect of the crystal field splitting in the intermediate states is negligible, (its magnitude is the third order of smallness, t 2 /U · ∆E cf /U (∆E cf /U 0.01)) we used the energy levels of the free Dy 2+ and Dy 4+ ions. The energies are calculated using CASSCF and RASSI methods with ANO-RCC QZP basis set. [S9] For the CASSCF calculations, all 4f orbitals are included into the active space. There are several LS-terms which appear more than once (
). These terms obtained by the CASSCF calculations are assigned to the symmetrized states constructed by using the c.f.p. [S8] comparing the patterns of the spin-orbit splitting of each LS-term. In the basis of the symmetrized states, the matrix element of the spin-orbit
for N ≤ 2l + 1. Therefore, the spin-orbit splitting is proportional to the reduced matrix element of the operator Table S2 .
EXAMPLES Linear Dy
3+ dimer
The parameters K
kk of the exchange Hamiltonian for the linear Dy complex [Eqs. (11) - (13) Here, the exchange states, |Ψ i , Γ (i = 1, 2, · · · 6), belong to the eigenvalues E 1 = −0.274979, E 2 = −0.274977, E 3 = −0.262325, E 4 = −0.262299, E 5 = −0.260815, E 6 = −0.260805, respectively, and the irreducible representation Γ of D 2h symmetry is used. Again, the lowenergy states are not well described byĤ Heis .
With the 1/U approximation the low-energy states become The contributions from the excited states to the net exchange interaction (t 2 /U ) for (a) the exact exchange interaction and (b) the exchange within the 1/U approximation for the Dy-radical system (n = 3).
